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We study the quasi-two-dimensional quantum O(2) model, a quantum generalization of the
Lawrence-Doniach model, within the nonperturbative renormalization-group approach and propose
a generic phase diagram for layered three-dimensional systems with an O(2)-symmetric order pa-
rameter. Below the transition temperature we identify a wide region of the phase diagram where
the renormalization-group flow is quasi-two-dimensional for length scales smaller than a Josephson
length lJ , leading to signatures of Kosterlitz-Thouless physics in the temperature dependence of
physical observables. In particular the order parameter varies as a power law of the interplane cou-
pling with an exponent which depends on the anomalous dimension (itself related to the stiffness)
of the strictly two-dimensional low-temperature Kosterlitz-Thouless phase.
I. INTRODUCTION
The nature of second-order thermal phase transitions
strongly depends on space dimension and number of com-
ponents N of the order parameter. In two dimensions the
Mermin-Wagner theorem forbids any finite-temperature
long-range order when N ≥ 2. For N = 2, there is nev-
ertheless a transition at a finite temperature TKT below
which the order parameter correlation function decays
algebraically.1–3 The key role of topological defects in
this transition was recognized by Kosterlitz and Thou-
less (KT) who formulated the transition as a vortex-
antivortex-pair unbinding transition.2–6 The KT tran-
sition differs from more conventional finite-temperature
phase transitions in a number of aspects. It is not char-
acterized by spontaneous symmetry breaking but the
system exhibits a nonzero “stiffness” ρs(T ) for all tem-
peratures T < TKT. Above the transition tempera-
ture TKT, one observes a standard disordered phase with
exponentially decaying correlation functions. However,
the correlation length ξ does not diverge as a power
law of τ = T − TKT but shows an essential singular-
ity ξ ∼ exp(const/√τ). The transition is also char-
acterized by a jump of the stiffness ρs(T ) which van-
ishes for T > TKT and takes the universal value 2/pi for
T → T−KT.7,8
Since many materials actually consist of weakly-
coupled (rather than isolated) planes, one can wonder
to what extent finite-scale quasi-two-dimensional topo-
logical excitations may give observable signatures of KT
physics in a layered three-dimensional (3D) system. This
issue has raised a lot of interest in the 1990s in connec-
tion with high-temperature superconductivity. Recent
advances in the physics of two-dimensional cold atomic
gases9,10 may provide us with a fresh experimental in-
sight into this problem.
Most theoretical studies so far have relied on the lay-
ered 3D XY model,11–23 many properties of which being
now well understood. The interplane coupling is a rel-
evant (in the renormalization-group sense) perturbation
so that the transition is 3D and belongs to the univer-
sality class of the 3D isotropic XY model (or 3D O(2)
model).17–19 The transition temperature Tc tends to TKT
as the interplane coupling vanishes13,17–19,24,25 with an
upward shift Tc− TKT which depends logarithmically on
the anisotropy of the system.13,17,18 Even though the cor-
relation length ξ ∼ (T − Tc)−ν in the parallel direction
ultimately diverges for T → Tc as a power law with an
exponent ν given by the critical exponent of the 3D XY
universality class, there is a temperature range above Tc
where 2D KT scaling ξ ∼ exp(const/√τ), τ = T − T effKT,
is observed with an effective KT temperature T effKT of the
order of Tc.21,26 The jump in the stiffness, which charac-
terizes the 2D KT transition, is replaced by a rapid (but
continuous) suppression at a temperature of the order of
TKT.20,26 For T < Tc and in the limit of small inter-layer
coupling J⊥, the order parameter depends on the inter-
plane coupling J⊥ as a power law with an exponent which
depends on the anomalous dimension η(T ) = 1/2piρs(T )
of the strictly 2D KT phase.11–13
In this manuscript, we study layered systems with an
O(2)-symmetric order parameter using a quasi-2D quan-
tum O(2) model which can be seen as a quantum general-
ization of the Lawrence-Doniach model.27,28 This model
captures quantum fluctuations at low temperatures but
describes otherwise qualitatively the same physics as the
(classical) layered 3D XY model. Our approach is based
on the nonperturbative renormalization-group approach
(NPRG) and, contrary to most previous works, does not
introduce vortices explicitly. While only a refined ap-
proximation scheme of the NPRG equations is able to
capture all features of the KT transition and in particu-
lar the low-temperature line of fixed points,29–32 we shall
use a simple approximation33,34 which is easily numer-
ically tractable even in the quasi-2D case. In this ap-
proximation, the KT transition is not captured stricto
sensu since the correlation length is always finite. Never-
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2Figure 1. Schematic phase diagram of a layered 3D system
with an O(2)-symmetric order parameter as a function of tem-
perature and interplane coupling J⊥. The behavior of the cor-
relation length ξ in the parallel direction near the transition
has been studied in previous works and is not discussed in the
manuscript. Our main focus is the existence of a wide region
(region A, shown in gray) in the low-temperature phase where
signatures of KT physics are observable. Region A is sepa-
rated from region B, which behaves as a standard anisotropic
3D phase, by a crossover line T ' J⊥ where J⊥ is the inter-
plane coupling.
theless, below a “transition” temperature TKT one finds
a line of quasi-fixed points implying a very large cor-
relation length. Thus, although our approach does not
yield a low-temperature phase with an infinite correla-
tion length, it nevertheless allows one to estimate the
KT transition temperature and gives a satisfying de-
scription of algebraic (quasi-long-range) order in the low-
temperature phase. (For various applications of this ap-
proach to the KT transition, see Refs. 35–40.)
The main results of our manuscript are summarized in
Fig. 1. In the low-temperature ordered phase, we can
identify three regions, one of which (region A) exhibit-
ing clear signatures of KT physics. This is explained
by quasi-2D scaling equations for length scales smaller
than the Josephson length lJ defined by the interplane
coupling J⊥ and the existence of quasi-2D vortex-vortex
bound pairs with size lv much smaller than lJ . At low
temperatures (T . TKT), for length scales between lv
and lJ the RG flow is similar to the critical RG flow
which characterizes the low-temperature KT phase dom-
inated by spinwave excitations with a renormalized stiff-
ness. This yields an unusual temperature dependence
of the order parameter which varies as a power law of
J⊥ with an exponent determined by the anomalous di-
mension η(T ) = 1/2piρs(T ) of the strictly 2D KT phase.
While this temperature dependence has been known for
a long time,11–13 we quantitatively determine the region
of the phase diagram where it is valid. At lower tem-
peratures or for larger values of the interplane coupling
(region B), the anisotropy does not play an important
role and the system behaves essentially as a 3D isotropic
system with an order parameter varying quadratically as
a function of temperature. At higher temperatures (re-
gion C), vortex loops become three dimensional with a
size larger than the Josephson length so that signatures
of the low-temperature KT phase disappear.
The outline of the paper is as follows. In Sec. II we
introduce the quasi-2D quantum O(2) model and briefly
describe the NPRG approach. In Sec. III, we discuss
the transition temperature and the critical behavior. In
Sec. IV we show how the RG flow allows us to distinguish
three regions in the low-temperature phase (regions A, B
and C in Fig. 1). By computing the temperature depen-
dence of the order parameter, we estimate the boundaries
of region A where the order parameter varies as a power
law of J⊥ with an exponent which depends on the anoma-
lous dimension of the strictly 2D KT phase.11–13 Region
A is separated from region B, which behaves as a stan-
dard anisotropic 3D phase (with a quadratic temperature
dependence of the order parameter), by a crossover line
T ' J⊥ where J⊥ is the interplane coupling.
II. MODEL AND NPRG APPROACH
A. Model
We consider a quasi-2D quantum O(2) model, describ-
ing weakly coupled planes, defined by the action
S =
ˆ β
0
dτ
ˆ
d2r
{∑
i
[
1
2
(∇ϕi)2 +
1
2c2
(∂τϕi)
2
+
r0
2
ϕ2i +
u0
4!
(ϕ2i )
2
]
− J
2
⊥
c2
∑
〈i,j〉
ϕi ·ϕj
}
, (1)
where ϕi(r, τ) is a two-component real field, r a 2D coor-
dinate, and the indices i, j refer to the planes. τ ∈ [0, β]
is an imaginary time, β = 1/T , and we set ~, kB as well
as the interplane distance equal to unity. The coupling
constants r0 and u0 are temperature independent and c
is the (bare) velocity of the ϕ field. J⊥, which has units
of energy, denotes the strength of the coupling between
nearest-neighbor planes. The model is regularized by a
ultraviolet momentum cutoff Λ.
Equation (1) can be seen as a quantum (relativistic)
generalization of the Lawrence-Doniach model.27 At zero
temperature there is a quantum phase transition between
a disordered phase (r0 > r0c) and an ordered phase (r0 <
r0c) where the O(2) symmetry is spontaneously broken.
We will only consider the case r0 < r0c where the ground
state is ordered and ignore the immediate vicinity of r0c
where the QCP may play a role.
From Eq. (1) we can define two characteristic length
scales. The first one is the thermal length lT = c/2piT
separating a quantum regime at small distance from a
3classical regime at long distance. The second one is the
Josephson length scale lJ = c/J⊥ separating a 2D regime
at small distance from a 3D regime at long distance.41
Quantum fluctuations are crucial at low temperatures
when lT is larger than lJ but do not play an impor-
tant role at sufficiently high temperatures when lT  lJ ;
the quasi-2D quantum O(2) model is then equivalent to
the Lawrence-Doniach model and qualitatively describes
the physics of the layered 3D XY model. Note how-
ever that c and J⊥ are related to the spin-spin cou-
plings JXY‖ and J
XY
⊥ of the 3D anisotropic XY model
by c/J⊥ = (JXY‖ /J
XY
⊥ )
1/2.42
B. NPRG approach
The strategy of the NPRG is to build a family of the-
ories indexed by a momentum scale k such that fluctu-
ations are smoothly taken into account as k is lowered
from the microscopic scale Λ down to zero.43–45 This is
achieved by adding to the action (1) the infrared regula-
tor
∆Sk[ϕ] =
1
2
∑
p
ϕ(−p)Rk(p)ϕ(p), (2)
where we use the notation p = (p, iωn) = (p‖, p⊥, iωn)
with ωn = 2npiT (n integer) a Matsubara frequency. p‖
denotes the 2D component of p parallel to the planes
while p⊥ is the perpendicular component. The regula-
tor function Rk will be specified below. The partition
function
Zk[J] =
ˆ
D[ϕ] e−S[ϕ]−∆Sk[ϕ]+
´ β
0
dτ
´
d2r
∑
i Ji·ϕi , (3)
defined here in the presence of an external source J, is k
dependent. The scale-dependent effective action
Γk[φ] = − lnZk[J] +
ˆ β
0
dτ
ˆ
d2r
∑
i
Ji · φi −∆Sk[φ]
(4)
is defined as a modified Legendre transform of − lnZk[J]
which includes the subtraction of ∆Sk[φ]. Here φ = 〈ϕ〉
is the order parameter (in the presence of the external
source).
Assuming fluctuations to be frozen by the ∆Sk term
at the microscopic scale Λ, the initial condition of the
flow is then simply given by ΓΛ[φ] = S[φ], which re-
produces mean-field theory. The effective action of the
original model is given by Γk=0[φ] provided that Rk=0
vanishes. For a generic value of k, the regulator Rk(p)
suppresses low-energy fluctuations but leaves high-energy
fluctuations essentially unaffected (see below).43–45
The variation of the effective action with k is given by
Wetterich’s equation,46
∂tΓk[φ] =
1
2
Tr
{
∂tRk(Γ
(2)
k [φ] +Rk)
−1}, (5)
where t = ln(k/Λ) is a (negative) RG time and Γ(2)k de-
notes the second-order functional derivative of Γk. In
Fourier space the trace involves a sum over momenta
and frequencies as well as the internal index of the two-
component field φ.
To solve the RG equation (5) we use a derivative ex-
pansion of Γk[φ] (which we refer to as LPA′ where LPA
stands for local potential approximation),
Γk[φ] =
ˆ β
0
dτ
ˆ
d2r
{∑
i
[
Z‖,k
2
(∇φi)2 +
Zτ,k
2
(∂τφi)
2
+ Uk(ρi) + Z⊥,kφi · φi
]
− Z⊥,k
∑
〈i,j〉
φi · φj
}
, (6)
which includes only nearest-neighbor-plane coupling. For
symmetry reasons, the effective potential Uk is a function
of the O(2) invariant ρ = φ2/2. We expand Uk(ρ) about
its minimum at ρ = ρ0,k,
Uk(ρ) = U0,k + δk(ρ− ρ0,k) + λk
2
(ρ− ρ0,k)2. (7)
In the ordered phase, where the O(2) symmetry is spon-
taneously broken, ρ0,k is nonzero and δk = U ′k(ρ0,k) = 0.
In the disordered phase ρ0,k vanishes and δk = U ′k(0) 6= 0.
From (6) we can obtain the longitudinal and transverse
parts of the two-point vertex,
Γ
(2)
k,T(p) = Z‖,kp
2
‖ + Zτ,kω
2
n + Z⊥,k⊥(p⊥) + δk,
Γ
(2)
k,L(p) = Γ
(2)
T,k(p) + 2λkρ0,k,
(8)
where ⊥(p⊥) = 2(1− cos p⊥), and in turn the transverse
and longitudinal (wrt to the direction of the order pa-
rameter) parts of the propagator: Gk,α(p) = 1/Γ
(2)
k,α(p)
(α = T,L). The (running) longitudinal and transverse
anomalous dimensions are defined by
η‖,k = −∂t lnZ‖,k, η⊥,k = −∂t lnZ⊥,k. (9)
In the low-energy limit, using ⊥(p⊥) ' p2⊥ for |p⊥| 
1, the spectrum of transverse fluctuations is therefore
given by
ω2p = c
2
‖,kp
2
‖ + c
2
⊥,kp
2
⊥ +
δk
Zτ,k
(10)
with anisotropic velocities
c‖,k =
√
Z‖,k
Zτ,k
, c⊥,k =
√
Z⊥,k
Zτ,k
. (11)
In agreement with Goldstone’s theorem, the transverse
(spinwave) spectrum is gapless in the ordered phase (δk =
0).
We are now in a position to define the regulator func-
tion:
Rk(p) = Z‖,kk2Y r(Y ), r(Y ) =
α
eY − 1 ,
Y =
1
k2
[
p2‖ +
ω2n
c2‖,k
+
c2⊥,k
c2‖,k
⊥(p⊥)
]
,
(12)
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Figure 2. Transition temperature vs J⊥.
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Figure 3. Anomalous dimensions η‖,k and η⊥,k vs ln(Λ/k) at
the transition temperature Tc ' 1.5TKT for J⊥ = TKT/4. The
two vertical lines correspond to the thermal scale kT = 1/lT
and Josephson scale kJ = 1/lJ .
with an arbitrary parameter α of order unity (we choose
α = 1). The derivation of the flow equations is
standard.47 The latter are given in the Appendix.
III. PHASE TRANSITION AND CRITICAL
BEHAVIOR
The transition temperature obtained from the NPRG
is shown in Fig. 2. For J⊥ → 0, Tc tends to a nonzero
value that we identify with the KT transition temper-
ature TKT of the 2D model. Tc(J⊥ → 0+) is indeed
compatible with the KT transition temperature that can
be inferred from the 2D RG flow even though the NPRG
predicts the 2D system to be always disordered (see the
discussion in the introduction).48 For J⊥ → 0+, we ex-
pect
Tc − TKT ∼ c(
ln cJ⊥
)2 . (13)
This result is obtained from the criterion ξ2D ∼ lJ where
ξ2D ∼ exp(const/
√
T − TKT) is the correlation length of
the 2D model.13 Our approach, which does not reproduce
the scaling of the 2D correlation length ξ2D with T−TKT,
does not yield Eq. (13) even though we do obtain an
upward shift of Tc for J⊥ > 0 as expected.
On the other hand we clearly see a 3D/2D crossover
in the RG flow (Fig. 3). For klJ & 1, the RG flow is
essentially 2D as can be seen from the vanishing of the
transverse anomalous dimension: η⊥,k ' 0, i.e. ∂kZ⊥,k '
0. For klJ ∼ 1, there is a crossover to a critical 3D regime
where both η‖,k and η⊥,k are nonzero and close to the
known value η∗ ' 0.0584 at the 3D Wilson-Fisher fixed
point in the LPA′ with a truncated effective potential
[Eq. (7)].
IV. LOW-TEMPERATURE PHASE
In this section we show that the low-temperature phase
bears clear signatures of KT physics in a wide region
of the phase diagram. We first discuss how Q2D KT
physics manifests itself in the RG flow before considering
the temperature dependence of the order parameter.
A. RG flows and characteristic scales
Let us consider the RG flow for T < TKT ≤ Tc. Fig-
ures 4 and 5 show the behavior of the anomalous dimen-
sions η‖,k and η⊥,k as we go from point A0 (J⊥ = 0
and T = TKT/4) of the phase diagram (Fig. 1) to
point A1 (J⊥ = TKT/40 and T = TKT/4) and then to
point B (J⊥ = 2.5TKT and T = TKT/4), or points A2
(J⊥ = TKT/40 and T = TKT/2) and C (J⊥ = TKT/40
and T = 1.05TKT < Tc, Tc ' 1.1.TKT).
In the 2D limit J⊥ = 0 (point A0) η⊥,k = 0 and af-
ter a transient regime η‖,k shows a (quasi) plateau in
agreement with the expectation that the system is crit-
ical for T ≤ TKT with a nonzero anomalous dimension
η ≡ ηplateau‖,k and a nonzero stiffness ρs = 1/2piη (Fig 4).
It is convenient to introduce a characteristic length scale
lv ≡ lv(T ) associated with the size of the largest vortex-
vortex bound pairs. While the flow in the range k & l−1T
is a quantum (2 + 1)D flow, we can identify a window
l−1v . k . l−1T with a 2D (thermal) flow where both
spinwave and vortex excitations are important.49 Once
k becomes smaller than l−1v , the flow is entirely deter-
mined by the spinwave excitations and the anomalous
dimension η‖,k ' η takes a constant value. Note that we
are not able a priori to estimate lv, its value is simply
inferred from the beginning of the plateau of η‖,k. In the
following we refer to the flow in the range k . l−1v as the
critical KT flow.
We are now in a position to investigate the effect of a
nonzero interplane coupling J⊥. Let us first move from
point A0 to A1 in the phase diagram (Fig. 1). A0 and
A1 correspond to the same temperature T = TKT/4 but
J⊥ = TKT/40 is nonzero for A1. We see that the RG flows
are identical for A0 and A1 as long as k & l−1J , where
50
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Figure 4. Anomalous dimensions η‖,k and η⊥,k vs ln(Λ/k) for
T = TKT/4 and J⊥ = 0, TKT/40, 2.5TKT corresponding to the
points A0, A1, B loosely shown in Fig. 1. The vertical lines
correspond to the thermal scale kT (ln(ΛlT ) ' 5.1) and to
the scale kv associated with the size lv of the largest vortex-
vortex bound pairs. The maximum of η⊥,k corresponds to the
Josephson scale lJ (ln(ΛlJ) ' 9.2 for A1 and ln(ΛlJ) ' 4.6
for B).
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Figure 5. Same as Fig. 4 but for J⊥ = TKT/40 and
T = TKT/4, TKT/2, 1.05TKT (points A1, A2, C loosely shown
in Fig. 1). The vertical line corresponds to the Josephson
scale (ln(ΛlJ) ' 9.2).
lJ is the Josephson length for J⊥ = TKT/40 (Fig. 4).
Vortex-vortex bound pairs with size < lv must now be
interpreted as Q2D rectangular vortex loops, i.e. long
rectangular loops perpendicular to the planes and cut-
ting a single plane.13,21,50 When k ∼ l−1J , η‖,k is strongly
suppressed and η⊥,k becomes nonzero thus signaling a
crossover to a 3D regime. For k  l−1J , both η‖,k and
η⊥,k vanish while the stiffnesses Z‖,k, Z⊥,k and the or-
der parameter ρ0,k (not shown) take a nonzero constant
value, as expected in a 3D ordered phase.
From point A1, let us now move to point B by increas-
ing again J⊥ at fixed temperature T = TKT/4. Because
of the large value J⊥ = 2.5TKT at point B, the Joseph-
son length is now smaller than the characteristic vortex
length lv. As a result, the critical KT flow which was
observed at point A1 for l−1J . k . l−1v has disappeared
(Fig. 4). We therefore do not expect any KT signatures
in physical quantities.
Let us finally consider points A2 and C obtained from
A1 by increasing temperature at fixed J⊥ = TKT/40
(Fig. 1). At point A2 (T = TKT/2), we can still ob-
serve a critical KT flow characterized by a plateau in the
anomalous dimension η‖,k (Fig. 5). This plateau corre-
sponds to a larger value than for A1, which reflects the
increase with temperature of the anomalous dimension
in the 2D phase. On the other hand, at point C the
temperature T = 1.05TKT is larger than TKT (but nev-
ertheless smaller than Tc ' 1.1TKT) and the Q2D criti-
cal KT flow at intermediate regime of k has disappears:
there is no plateau in η‖,k anymore and the anomalous
dimension rises above 0.2 thus getting close of the anoma-
lous dimension η = 0.25 at the KT transition in the 2D
system. This observation agrees with the expectation
that, when increasing temperature, the maximum size lv
of Q2D rectangular vortex loops increases and eventually
becomes of the order of lJ , thus suppressing the Q2D KT
physics. Since lv diverges at J⊥ = 0 when T becomes of
order TKT, we expect the temperature at which lv ∼ lJ
to be of the order of TKT for small J⊥ (as confirmed by
the numerical results).
These results are sufficient to delimit a region of the
phase diagram where lv < lJ so that a Q2D critical
KT flow at intermediate values of k exists. On the one
hand, as illustrated by Fig. 4, at low temperatures where
lv ∼ lT the condition lv < lJ implies J⊥ . T . At higher
temperatures, as illustrated by Fig. 5, the same condi-
tion implies T . TKT. Only when these two conditions,
T . TKT and J⊥ . T , are fulfilled, does a Q2D critical
KT flow exist at intermediate values of k. The crossover
line T ∼ TKT between regions A and C has also been
discussed by Shenoy et al.21 We shall see in the follow-
ing section that whenever a Q2D critical KT flow exists,
the order parameter shows a power-law temperature de-
pendence of the order parameter with an exponent which
depends on the anomalous dimension η ≡ η(T ) of the 2D
KT phase.
B. Order parameter
1. Classical regime J⊥ . T . TKT
Since the order parameter √ρ0 is zero for J⊥ = 0,
it must vanish as a power law when J⊥ → 0 and T <
TKT. This power law can be simply obtained by scaling
analysis. In the low-temperature critical KT phase, the
field has scaling dimension [ϕ] = 12 (d − 2 + η) = η/2
where d = 2 is here the space dimension of the system
when J⊥ = 0 and η ≡ η(T ) the anomalous dimension.
Since [J⊥] = 1− η/2, we deduce11–13
√
ρ0 =
√
A(T )
(
J⊥
T
) η
2−η
for
J⊥
T
 1. (14)
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Figure 6. Order parameter ρ0 vs J⊥ for various tempera-
tures. The (black) symbols correspond to the power-law de-
pendence (14).
The origin of the temperature-dependent energy scale
A(T ) is twofold. First it takes into account the fact that
classical fluctuations giving rise to the power-law depen-
dence in J⊥ are limited to length scales beyond the ther-
mal length lT = c/2piT . Second it takes into account
quantum fluctuations occurring at small length scales
(< lT ). J⊥ shows up in the combination J⊥/T since
the interplane coupling of the effective classical model
describing the low-energy physics is J⊥/T .51 We shall
see that Eq. (14) holds whenever the system exhibits a
Q2D critical KT flow and is therefore satisfied in a wide
region of the phase diagram. Equation (14) is valid only
for T . TKT. In the immediate vicinity of the transi-
tion temperature Tc,
√
ρ0 ∼ (Tc − T )β satisfies the usual
scaling law with β the critical exponent associated with
the 3D XY universality class. This result is confirmed by
our NPRG calculation with β ' 0.324 in agreement with
the known value in the LPA′ with a truncated effective
potential.
Figure 6 shows the J⊥-dependence of the order pa-
rameter √ρ0 for various values of T below TKT. The
RG result is compared with Eq. (14) where the anoma-
lous dimension η ≡ η(T ) is obtained from the flow at
J⊥ = 0. At low temperatures T  TKT and for J⊥ = 0,
η‖,k shows a well-defined plateau and it is possible to de-
termine η with good precision. At higher temperatures,
the plateau is not so well defined52 (in Fig. 4 we see
that already for T = TKT/4 the “plateau” of η‖,k shows
a nonzero slope) and only a rough estimate of η can be
obtained. Nevertheless, our numerical results for ρ0 show
a very good agreement with the expected power-law be-
havior (14) when J⊥ . T . In Sec. IVC we shall use
the results shown in Fig. 6 to define more precisely the
crossover line between regions A and B in Fig. 1.
2. Quantum regime T . J⊥
In the low-temperature regime the system behaves es-
sentially as a 3D system and we expect the one-loop ap-
proximation of the effective action Γ[φ] (equivalent to the
spinwave approximation of the layered 3D XY model) to
give an accurate estimate of the order parameter. At
the mean-field level, Γ[φ] = S[φ], so that the mean-field
order parameter is defined by
ρMF0 = −
3
u0
(
r0 − 2J
2
⊥
c2
)
. (15)
To one-loop order,
ρ0 = ρ
MF
0 −
1
2
ˆ
q
[3GL(q) +GT(q)], (16)
where
GT(q) =
[
q2‖ +
ω2n
c2
+
J2⊥
c2
⊥(q⊥)
]−1
,
GL(q) =
[
q2‖ +
ω2n
c2
+
J2⊥
c2
⊥(q⊥) +
2
3
u0ρ
MF
0
]−1 (17)
are the mean-field propagators and we use the notation
ˆ
q
= T
∑
ωn
ˆ
d2q‖
(2pi)2
ˆ pi
−pi
dq⊥
2pi
. (18)
When T  J⊥, the temperature dependence of the or-
der parameter is dominated by the (gapless) transverse
fluctuations,
ρ0(T )− ρ0(0) ' −1
2
[ˆ
q
GT(q)−
ˆ
q
GT(q)
∣∣∣
T=0
]
, (19)
where we can approximate ⊥(q⊥) ' q2⊥ and extend the
q⊥ integral from−∞ to∞. A straightforward calculation
gives
ρ0(T )− ρ0(0) ' − T
2
24J⊥
. (20)
Equation (20) ignores the renormalization of J⊥ by
quantum fluctuations. To improve on Eq. (20) we
introduce the effective (renormalized) value Jeff⊥ =
(c2kZ⊥,k)
1/2|kl−1J ,
53 which leads to
ρ0(T )− ρ0(0) ' − T
2
24Jeff⊥
. (21)
3. Temperature dependence of the order parameter
Figure 7 shows the overall temperature dependence of
the order parameter ρ0 as obtained from the NPRG ap-
proach. For large values of J⊥, e.g. J⊥ = 2.5TKT,54
the curve ρ0(T ) shows a pronounced concavity (as in the
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Figure 7. Temperature dependence of the order parameter
for various values of J⊥. The (black) dashed lines show the
expected low-temperature result (21).
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Figure 8. Crossover line between regions A and B (see Fig. 1)
obtained by comparing the NPRG result for ρ0(J⊥, T ) to the
small-J⊥ expression (14) or the low-temperature limit (21).
The dashed line corresponds to T = J⊥.
mean-field theory) with a sizable low-temperature regime
where the quadratic dependence (21) is observed. For
lower values of J⊥, the concavity is less pronounced and
the low-temperature regime with a quadratic dependence
shrinks. For extremely small values of J⊥, the curve be-
comes slightly convex and the low-temperature quadratic
regime is not visible any more.
The temperature dependence of the order parame-
ter has recently been studied in a model of strongly
anisotropic quantum antiferromagnets.25 A pronounced
convexity of ρ0(T ) for small J⊥ was found and the low-
temperature quadratic variation of the order parameter
was not (always) reproduced (see Figs. 3, 10 and 12 in
Ref. 25). Without the temperature-dependent energy
scale A(T ), we would obtain from Eq. (14) a pronounced
convexity for small J⊥ as in Ref. 25. A possible expla-
nation for the difference between our results and those
of Ref. 25 is therefore the role of quantum fluctuations,
which were not taken into account in the classical ap-
proximation used in Ref. 25.
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Figure 9. Temperature dependence of the ratio 2ρ0/ρs =
1/Z‖(T, J⊥) between the square of the order parameter and
the in-plane stiffness for various values of J⊥.
C. Estimate of the size of region A
From the results of Fig. 6, we define the crossover line
between regions A and B by a 5% difference in the or-
der parameter ρ0 between the NPRG results of Fig. 6
and the small J⊥ behavior (14). Another estimate of the
crossover line can be obtained from a 5% difference be-
tween the result of Fig. 7 and the low-temperature behav-
ior (21). The crossover line, shown in Fig. 8, is roughly
defined by T ' J⊥.
D. Stiffness
Figure 9 shows the ratio between the square of the or-
der parameter 2ρ0 and the in-plane stiffness ρs = 2ρ0Z‖
corresponding to the ratio between the condensate den-
sity and the superfluid density in a bosonic superfluid.
In a weakly interacting three-dimensional Bose gas, this
ratio is close to unity except in the immediate vicinity of
the superfluid transition where it vanishes as (Tc − T )νη
where ν ' 0.6719 and η ' 0.03852 are critical exponents
of the three-dimensional O(2) universality class.55 In the
2D limit below TKT it is equal to zero since the order pa-
rameter vanishes while the stiffness is finite. In the quasi-
2D case, 2ρ0/ρs is close to unity for small anisotropy but
strongly suppressed when J⊥  TKT.
V. CONCLUSION
In conclusion we have studied the quantum Lawrence-
Doniach model using the NPRG. Even though we do not
introduce vortices explicitly, our results can be under-
stood by considering, in addition to the Josephson length
lJ , a characteristic length lv associated with the size of
the largest Q2D rectangular vortex loops.20,21 We find
that the RG flow is Q2D and dominated by spinwave ex-
citations in the momentum range l−1J < k < l
−1
v . This
8gives rise to clear signatures of KT physics in a wide re-
gion of the low-temperature phase. We have shown that
the order parameter ρ0 is a tool of choice to identify the
nature of the low-temperature phase. When T . J⊥, ρ0
varies quadratically with temperatures [Eq. (21)] while
for J⊥ . T . TKT < Tc it varies as a power law of J⊥
[Eq. (14)] with a temperature-dependent exponent which
depends on the anomalous dimension η of the strictly 2D
low-temperature KT phase. Furthermore the (square of
the) order parameter is much smaller than the in-plane
stiffness when the anisotropy is strong while both quan-
tities are of the same order of magnitude in an isotropic
system. Thus quasi-2D boson gases appear as a way to
realize Bose-Einstein condensates with a highly depleted
condensate density, which is unusual for weakly inter-
acting superfluids. Our predictions could be tested with
experiments on cold atoms where Q2D bosonic systems
can be engineered with a tunable interplane coupling J⊥.
In the introduction we pointed out some limitations of
the LPA′ so that one can wonder to what extent our re-
sults are robust with respect to the approximations made
for solving the NPRG flow equations. In particular, alge-
braic order in the low-temperature phase is not obtained
stricto sensu since the correlation length ξ is always fi-
nite in the LPA′. Nevertheless, at low temperatures ξ
is so large that it cannot be seen in the RG flow even
for running momentum scales as small at 10−15Λ. More-
over, the finite-temperature thermodynamics (e.g. the
order parameter) is not sensitive to the deep infrared be-
havior of correlation functions. Whether we get a true
line of fixed points with an infinite correlation length or
only a line of quasi-fixed points with a large but finite
correlation length is irrelevant for the thermodynamics.
Our approach differs from most previous studies, based
on the classical XY model, by including quantum fluctu-
ations. The latter do not play an important role except
for being responsible for the low-temperature boundary
T ' J⊥ below which the system behaves as a three-
dimensional anisotropic system with a T 2 reduction of
the order parameter wrt its zero-temperature value (the
reduction would be linear in a classical model). Quantum
fluctuations also contribute to the temperature depen-
dence of the prefactor A(T ) in Eq. (14) and this may ex-
plain some differences with the numerical work of Ref. 25
regarding the temperature dependence of the order pa-
rameter.
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FLOW EQUATIONS
Using the dimensionless variables q˜‖ = q‖/k, ω˜n = ωn/c‖,kk and
δ˜k = (Z‖,kk2)−1δk,
ρ˜0,k = k
−1(Z‖,kZτ,k)1/2ρ0,k,
λ˜k = k
−1Z−3/2‖,k Z
−1/2
τ,k λk,
Z˜⊥,k = (Z‖,kk2)−1Z⊥,k,
(22)
we obtain the following RG equations
∂tδ˜k = (η‖,k − 2)δ˜k + λ˜k
2
(3I˜L + I˜T),
∂tρ˜0,k = −
(
1 +
η‖,k + ητ,k
2
)
ρ˜0,k − 1
2
(3I˜L + I˜T)
∂tλ˜k =
(
−1 + 3η‖,k
2
+
ητ,k
2
)
λ˜k − λ˜2k(9J˜LL + J˜TT),
η‖,k = 2λ˜2kρ˜0,k∂q˜2(J˜LT + J˜TL),
ητ,k = 2λ˜
2
kρ˜0,k∂ω˜2ν (J˜LT + J˜TL),
∂tZ˜⊥,k = (η‖,k − 2)Z˜⊥,k − 2λ˜2kρ˜0,k∂p2⊥(J˜LT + J˜TL),
(23)
9where ητ,k = −∂t lnZτ,k (η‖,k and η⊥,k are defined by (9)), with initial conditions
UΛ(ρ) =
(
r0 − 2J
2
⊥
c2
)
ρ+
u0
6
ρ2,
Z‖,Λ = 1, Zτ,Λ =
1
c2
, Z⊥,Λ =
J2⊥
c2
.
(24)
The threshold functions are defined by
I˜α =
ˆ
q˜‖,ω˜n,q⊥
η‖,kY r + 2Y 2r′ + (r + Y r′)[(ητ,k − η‖,k)ω˜2n + (η⊥,k − η‖,k)Z˜⊥,k⊥]
A˜2α
,
J˜αβ =
ˆ
q˜‖,ω˜n,q⊥
η‖,kY r + 2Y 2r′ + (r + Y r′)[(ητ,k − η‖,k)ω˜2n + (η⊥,k − η‖,k)Z˜⊥,k⊥]
A˜2αA˜β
,
∂q˜2‖ J˜αβ = −
ˆ
q˜‖,ω˜n,q⊥
q˜2‖
{
2
[
η‖,kY r + 2Y 2r′ + (r + Y r′)
(
(ητ,k − η‖,k)ω˜2n + (η⊥,k − η‖,k)Z˜⊥,k⊥
)] A˜′α
A˜3α
− [η‖,kr + (η‖,k + 4)Y r′ + 2Y 2r′′ + (2r′ + Y r′′)((ητ,k − η‖,k)ω˜2n + (η⊥,k − η‖,k)Z˜⊥,k⊥)] 1
A˜2α
}
A˜′β
A˜2β
,
∂ω˜2ν J˜αβ =
ˆ
q˜‖,ω˜n,q⊥
{η‖,kY r + 2Y 2r′ + (r + Y r′)[(ητ,k − η‖,k)ω˜2n + (η⊥,k − η‖,k)Z˜⊥,k⊥]}
A˜21 − A˜2A˜β
A˜2αA˜
3
β
,
∂p2⊥ J˜αβ = −
ˆ
q˜‖,ω˜n,q⊥
η‖,kY r + 2Y 2r′ + (r + Y r′)[(ητ,k − η‖,k)ω˜2n + (η⊥,k − η‖,k)Z˜⊥,k⊥]
A˜2αA˜
3
β
×
{
A˜β [(1 + r + Y r
′)Z˜⊥,k cos q⊥ + 2(2r′ + Y r′′)Z˜2⊥,k sin
2 q⊥]− 4[(1 + r + Y r′)Z˜⊥,k sin q⊥]2
}
(25)
where
A˜T = Y (1 + r) + δ˜k + Z˜⊥,k⊥(q⊥), A˜L = A˜T + 2λ˜kρ˜0,k, A˜′α = 1 + r + Y r
′,
A˜1 = 2ω˜n(1 + r + Y r
′), A˜2 = 1 + r + Y r′ + 2ω˜2n(2r
′ + Y r′′)
(26)
and
ˆ
q˜‖,ω˜n,q⊥
= T˜k
∑
ω˜n
ˆ
d2q˜‖
(2pi)2
ˆ 2pi
0
dq⊥
2pi
. (27)
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